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STABILIZATION OF THE NONCONFORMING VIRTUAL ELEMENT METHOD
S. BERTOLUZZA∗, G. MANZINI, M. PENNACCHIO, AND D. PRADA
ABSTRACT. We address the issue of designing robust stabilization terms for the nonconforming vir-
tual element method. To this end, we transfer the problem of defining the stabilizing bilinear form
from the elemental nonconforming virtual element space, whose functions are not known in closed
form, to the dual space spanned by the known functionals providing the degrees of freedom. By this
approach, we manage to construct different bilinear forms yielding optimal or quasi-optimal stability
bounds and error estimates, under weaker assumptions on the tessellation than the ones usually con-
sidered in this framework. In particular, we prove optimality under geometrical assumptions allowing
a mesh to have a very large number of arbitrarily small edges per element. Finally, we numerically
assess the performance of the VEM for several different stabilizations fitting with our new framework
on a set of representative test cases.
1. INTRODUCTION
Solving partial differential equations on polygonal and polyhedral meshes has become a ma-
jor issue in the last decades, and a number of numerical methods have been proposed to this end
in the technical literature. Many of these methods are based on some kind of generalization of
the finite element method (FEM) and must address the critical issue that the construction of shape
functions on elements with arbitrary geometric shapes is a very difficult task. The virtual element
method (VEM), originally proposed in [8] for the Poisson equation and then extended to convection-
reaction-diffusion problems with variable coefficients in [9], brilliantly overcomes this issue. The
method was designed from the very beginning to work on generally shaped elements with high
order of accuracy, and does not require an explicit knowledge of the basis functions that generate
the finite element approximation space. Indeed, the formulation of the method and its practical
implementations are based on suitable polynomial projections that are always computable from a
careful choice of the degrees of freedom. Optimal numerical approximations of arbitrary order and
arbitrary regularity to PDE solutions are possible in two and three dimensions using very general
mesh families, including meshes that are often considered as pathological in other methods. VEM
is intimately connected with other finite element approaches: the connection between the VEM and
finite elements on polygonal/polyhedral meshes is thoroughly investigated in [34, 45, 55], between
VEM and discontinuous skeletal gradient discretizations in [45], and between the VEM and the
BEM-based FEM method in [33].
The conforming VEM was originally developed as a variational reformulation of the nodal mimetic
finite difference (MFD) method [11, 29, 54] for solving diffusion problems on unstructured polygo-
nal meshes. The issue of its efficient implementation is considered in several papers (cf. [6, 21, 22,
30, 42, 43]. A survey on the MFD method can be found in the review paper [53] and the research
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monograph [12]. The scheme inherits the flexibility of the MFD method with respect to the admis-
sible meshes and this feature is well reflected in the many significant applications that have been
developed so far, see, for example, [3, 5, 9, 10, 14–16, 18, 31, 37, 38, 41, 46, 59–61, 63].
The nonconforming virtual element method was originally proposed in [7] for the solution of the
Poisson equation. Then, it was extended to general elliptic equations [17, 35], fractional reaction-
subdiffusion equations [52], eigenvalue problems [48], Helmholtz equations [56–58], Stokes, Darcy-
Stokes and Navier-Stokes equations [32, 67, 68], elasticity problems [64], nonconforming anisotropic
estimates [36], plate bending problems, biharmonic equation, highly-order elliptic equations [4, 51,
65, 66].
The nonconforming virtual element method possesses several interesting features. First, the VEM
admits meshes whose elements are polygons (2D) and polyhedra (3D) with, in principle, almost ar-
bitrary geometric shapes. This flexibility in the mesh choice may have a significant impact in both
numerical approximation and mesh generation. Second, we can construct stable virtual element
methods in a straightforward way for any polynomial degree. Moreover, such construction can be
readily generalized from two to three space dimensions, and, in principle, to any space dimensions.
Third, the formulation and implementation of the nonconforming VEM needs less degrees of free-
dom than other methods, such as, for example discontinuous Galerkin. Note also that unknowns
associated with the interior of the mesh elements can be eliminated by static condensation. This
feature makes the VEM competitive in terms of computational efficiency with respect to other dis-
cretization methods.
As it happens in the conforming VEM, the stability and convergence of the nonconforming VEM
rely on the fundamental properties of consistency and stability. Consistency is an exactness property
that states that the approximated bilinear forms of the discrete variational formulation are exact on
the subspace of polynomials locally defined in each element. In turn, stability follows from a suit-
able stabilization term, whose role is to control the non polynomial component of the discretization.
When the polygonal elements satisfy a quite restrictive shape regularity condition, basically equiv-
alent to requiring that they can be decomposed into a (small) number of shape regular triangles,
we know that the euclidean product of the degrees of freedom of the virtual element functions is
an effective stabilization term and provides optimal results. However, greater care must be taken
in designing the stabilization term when we consider more general elements, such as, for instance,
elements with very small edges.
In the conforming case, the design of computable stabilization terms yielding optimal results
relies on the fact that we can compute the trace of the virtual element functions on the elemental
boundaries from the degrees of freedom. Conversely, in the nonconforming case, the knowledge
of the degrees of freedom does not allow us to retrieve the trace of the corresponding functions
without solving a partial differential equation in the element. In the VEM terminology, we say that
the trace on the elemental boundary of a nonconforming virtual function is “noncomputable”. On
the positive side, the functionals yielding the degrees of freedom in a polygonal element P span a
known subspace V ∗k (P ) of the dual space (H
1(P ))′. Such a space satisfies a uniformly stable duality
relation with the local VEM space V hk (P ). This property, which is inherent to the nonconforming
nature of the approximation space and does not hold for the conforming VEM, allows us to reduce
the problem of designing the stabilization bilinear form on the non conforming VEM space V hk (P ),
to the design of a semi-inner product in V ∗k (P ), yielding a suitable seminorm for (H
1(P ))′. We
can then consider and analyze different strategies for the construction of such semi-inner product,
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yielding optimal or quasi-optimal stability and convergence results under weaker assumptions on
the polygonal tessellation.
We conclude this introductory section with a review of some basic definitions about the functional
setting and the notation that we use in the paper. The rest of the paper is organized as follows. In
Section 2 we introduce the model problem and its discretization by the nonconforming virtual el-
ement approximation. In Section 3 we present an abstract theoretical framework for the algebraic
construction of the semi-inner products in finite dimensional dual spaces. In Section 4 and 5 we dis-
cuss the construction of the stabilization terms for the nonconforming VEM in such a framework. In
Section 6 we investigate the performance of the method on a set of suitable numerical experiments.
In Section 7 we offer our final remarks and conclusions.
1.1. Basic definitions, notation and functional setting. Let the computational domain Ω be an
open, bounded, connected subset ofR2 with polygonal boundary Γ. We consider a family of domain
partitionings T = {Ωh}h∈H. Every partition Ωh, the mesh, is a finite collection of non overlapping
polygonal elements P , which are such that Ω = ∪P∈ΩhP . Further assumptions on the mesh family
T and the meshes Ωh will be detailed in Section 4.
For P ∈ Ωh, we denote the boundary of P by ∂P , its diameter by hP = maxx,y∈P |x− y|, its
area by |P |, and the outward unit normal to the boundary by nP . Each elemental boundary ∂P
is formed by a sequence of one-dimensional non-intersecting straight edges e with lenght he. The
symbols EP , EΓ and E respectively denote the set of edges that form the boundary of the element P ,
the set of mesh edges on the boundary Γ, and the set of all the mesh edges.
We use standard definitions and notations for Sobolev spaces, and for the corresponding norms
and seminorms, cf. [1]. More precisely, let ω be a d-dimensional domain, d = 1, 2. We let L2(ω)
denote the Hilbert functional space of the real-valued, square integrable functions defined on ω, and
Hm(ω) the Sobolev functional space of the real-valued functions in L2(ω) whose weak derivatives
up to the orderm are also in L2(ω). We let ‖·‖0,ω denote the standard norm in L2(ω), and ‖·‖m,ω and
| · |m,ω denote respectively the standard norm and seminorm in Hm(ω). On the elemental boundary
∂P , we also consider the functional space
H
1
2 (∂P ) =
{
v ∈ L2(∂P ) such that ‖v‖0,∂P + |v|1/2,∂P <∞
}
, (1)
and its dual H−
1







We recall that the trace v|∂P of a function v ∈ H1(P ) belongs to H
1









2 (Γ), and for the corresponding norms and seminorms.
For a given nonnegative integer `, we let P`(ω) denote the space of polynomials of degree up to `
defined on ω, and we conventionally define P−1(ω) = {0}. Furthermore, P`(Ωh) denotes the space
of discontinuous bivariate polynomials of degree up to ` defined on the elements of Ωh:
P`(Ωh) =
{
p ∈ L2(Ω) : p|P ∈ P`(P ) ∀P ∈ Ωh
}
.
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, α ∈ Nd with |α| ≤ `
}
,
where xω denotes the center of mass of ω and hω its diameter. The setM`(ω) forms a basis for the
space P`(ω).
On Ωh and for every integer m > 0, we consider the broken Sobolev space
Hm(Ωh) =
{
v ∈ L2(Ω) : v|P ∈ Hm(P ) for all P ∈ Ωh
}
,




‖v‖2m,P , |v|2m,h =
∑
P∈Ωh
|v|2m,P ∀ v ∈ Hm(Ωh). (3)
Let e ∈ EP+ ∩ EP− be an internal edge shared by the polygonal elements P+ and P−, and v a
function of H1(Ωh). We denote the traces of v on e from inside the elements P± by v±e , and the unit
normal vectors to e pointing from P± to P∓ by n±e . Then, we introduce the jump operator, which
is defined as








e for every internal edge e ∈ EP+ ∩ EP− ,
vene for every boundary edge e ∈ EΓ.
The normal vectors to the edges on the domain boundary Γ are pointing out of Ω.
For any positive integer k, the nonconforming space H1,nck (Ωh) is the subspace of the broken
Sobolev space H1(Ωh) defined as
H1,nck (Ωh) =
{
v ∈ H1(Ωh) :
ˆ
e
[[ v ]] · ne q = 0 ∀ q ∈ Pk−1(e), ∀e ∈ E
}
. (4)
The nonconforming space with k = 1 has the minimal regularity that is required in the formulation
of the VEM, see Section 2, and for the convergence analysis, see Reference [7].
For the discontinuous functions ofH1(Ωh), |·|1,h is only a seminorm. However, it becomes a norm
on the nonconforming spaceH1,nck (Ωh) since the Poincaré-Friedrichs type inequality ‖v‖20 ≤ C|v|21,h
holds for every v ∈ H1,nck (Ωh), k ≥ 1. Here, C is a real, positive constant independent of h, cf. [27];
see also [23, Lemma 2.6], which can be leveraged to obtain such a bound under weaker conditions
on the mesh.
We introduce the elliptic projection operator Π∇,Pk : H
1(P ) → Pk(P ), defined as follows: for




Π∇,Pk v − v
)
· ∇q = 0 ∀q ∈ Pk(P ),
with the additional condition ˆ
∂P
(
Π∇,Pk v − v
)
= 0, (5)
which handles the kernel of the gradient operator. We note that Π∇,Pk is a polynomial-preserving
operator, i.e., Π∇,Pk q = q for every polynomial function q ∈ Pk(P ).
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Finally, throughout the paper we use the notation v ' w, v . w and v & w to indicate that there are
suitable positive, real constants c∗ and c∗ such that c∗v ≤ w ≤ c∗v, v ≤ c∗w and v ≥ c∗w. These
constants are independent of the mesh size h but may depend on other discretization parameters
such as the mesh regularity constants and the polynomial order of the method. The constants c∗ and
c∗, and the generic constant C, may have a different value at each occurence. Moreover, we use the
notation 〈F, v〉 to indicate the action of F ∈ V ′ on the element v ∈ V , V and V ′ being different
couples of dual reflexive Hilbert spaces, whose precise definition will be clear from the context.
2. THE NONCONFORMING VIRTUAL ELEMENT METHOD
We consider the Poisson problem with homogeneous Dirichlet boundary conditions for the scalar
unknown u:
−∆u = f in Ω, (6a)
u = 0 on Γ, (6b)
where we assume that f ∈ L2(Ω).
Let H10 (Ω) denote, as usual, the linear subspace of functions of H
1(Ω) with zero trace on Γ. The
variational formulation of problem (6a)-(6b) reads as:




∀v ∈ H10 (Ω), (7)




∇u · ∇v , ∀u, v ∈ H1(Ω). (8)
The essential Dirichlet boundary condition (6b) is incorporated in the definition of the functional
space H10 (Ω).
To formulate the nonconforming virtual element approximation of variational problem (7), we
need three mathematical objects:
• the virtual element space V hk , which is a finite-dimensional subspace of the nonconforming
space H1,nck (Ωh), suitably incorporating a weak form of the homogeneous boundary condi-
tions;
• the virtual element bilinear form ah(·, ·) : V hk × V hk → R, which approximates the bilinear
form a(·, ·). We require ah(·, ·) to be coercive, continuous, and computable from the degrees
of freedom of its arguments;
• an element fh of the dual space (H1,nck (Ωh))′, which approximates the forcing term f .
Given these objects, according to the variational form of the continuous problem in (7), the virtual
element method reads as:
Find uh ∈ V hk such that ah(uh, v) = 〈fh, v〉 ∀v ∈ V hk . (9)
In the following sections we recall the definition of the nonconforming virtual element space V hk ,
and of the bilinear form ah.
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2.1. The nonconforming virtual element space. Let P be a generic element of the mesh Ωh and
k ≥ 1 an integer number. We define the nonconforming virtual element space on P (see [7]) as
V hk (P ) =
{
v ∈ H1(P ) : ∂v
∂n
∈ Pk−1(e) ∀e ⊂ EP , ∆v ∈ Pk−2(P )
}
, (10)
and its “modified” or “enhanced” variant (see [2, 35]) as
V h,enk (P ) =
{
v ∈ H1(P ) : ∂v
∂n




v − Π∇,Pk v)mα = 0 ∀mα ∈Mk(P ) \Mk−2(P )
}
. (11)
We recall thatMk(P ) \Mk−2(P ), in the definition above, is the subset of the scaled monomials of
degree equal to k − 1 and k.
The following key properties hold for V hk (P ) and V
h,en
k (P ):
(i) the polynomial space Pk(P ) is a subspace of both V hk (P ) and V
h,en
k (P );
(ii) the virtual element functions in both V hk (P ) and V
h,en
k (P ) are uniquely determined by the
following set of degrees of freedom:





v mα ∀mα ∈Mk−1(e), ∀e ∈ EP ; (12)





v mα ∀mα ∈Mk−2(P ). (13)
Remark 2.1. Other choices are possible for the degrees of freedom. In (D1) and (D2) the sets
Mk−1(e) andMk−2(P ) can be replaced with any other basis for the spaces Pk−1(e) and Pk−2(P ).
We point out that the stabilizing bilinear terms that we are going to construct do not depend on the
particular basis chosen and that the bounds that we will prove hold independently of such a choice.
Property (i) is a direct consequence of the space definition and guarantees the optimal order of
approximation. Property (ii) has been proven in [7].
The polynomial projection Π∇,Pk v is computable using only the values from the linear functionals
in (D1)–(D2). We recall that for k > 1, the average of functions in V hk (P ) is computable, and we
could replace (5) with the condition that Π∇,Pk v − v is average free in P .
The global nonconforming virtual element space V hk of order k ≥ 1 subordinate to the mesh Ωh
is obtained by gluing together the elemental spaces V hk (P ) to form a subspace of the nonconforming
space H1,nck (Ωh). The formal definition reads as:
V hk :=
{
v ∈ H1,nck (Ωh) : v|P ∈ V
h
k (P ), ∀P ∈ Ωh,
ˆ
e
vq = 0, ∀q ∈ Pk−1(e), ∀e ∈ EΓ
}
. (14)
The boundary conditions are enforced in weak form in the definition of the space, by requiring that,
for all boundary edges e ∈ EΓ, v|e is orthogonal to the space of polynomials of degree at most k − 1
on e. A similar definition holds for the global space V h,enk , obtained by gluing together the elemental




k is given by collecting the values
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(D1) for all the mesh edges and (D2) for all the mesh elements. The unisolvence of such degrees of
freedom in the global space V hk follows from the unisolvence of the degrees of freedom (D1)–(D2)
in each elemental space, cf. [7].
2.2. Virtual element discretization. Hereafter, we only detail the formulation of the virtual el-
ement discretization for the nonenhanced space V hk (P ). The corresponding formulation for the
enhanced space V h,enk is identical.
The virtual element approximation is defined on the broken Sobolev space H1,nck (Ωh). Since the
functions of this space can be discontinuous at the elemental boundaries ∂P , we extend the bilinear









∇u · ∇v ∀u, v ∈ H1(Ωh).




aPh (u, v), (15)
with
aPh (u, v) = a
P (Π∇,Pk u,Π
∇,P
k v) + σ
P
(





where σP (·, ·) can be any computable, symmetric and positive semidefinite bilinear form such that
C∗a










v ∈ H1(P ) : Π∇,Pk v = 0
}
is the kernel of the projection operator Π∇,Pk .
Provided (17) holds, the discrete bilinear form aPh (·, ·) satisfies the following properties:
- k-consistency: for all v ∈ V hk (P ) and for all q ∈ Pk(P ) it holds that
aPh (v, q) = a
P (v, q); (18)
- stability: there exist two positive constants (α∗, α∗), independent of P and h, such that
α∗a
P (v, v) ≤ aPh (v, v) ≤ α∗aP (v, v) ∀v ∈ V hk (P ). (19)
In particular, the first term in the definition of aPh in (16) provides the k-consistency of the method,
i.e., the exactness on polynomials of degree k, which follows from the invariance of Π∇,Pk on poly-
nomials. The second term in the definition of aPh ensures the stability of the method, cf. also [7], and
is zero if one of its two entries is a polynomial of degree at most k. The stability property follows
from a straightforward calculation, by taking α∗ = max(1, C∗) and α∗ = min(1, C∗), cf. [8].
As far as the right-hand side is concerned, we approximate f with fh such that 〈fh, v〉 is com-
putable (we refer to [7, 8] for more details).
In this setting, we can prove the abstract convergence result stated in Theorem 2.2 below. We
report this result omitting its proof, which can be found in [7].
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Theorem 2.2 (Abstract convergence result). Let u ∈ V be the solution to problem (7) and uh ∈ V hk
(or V h,enk ) be the solution to problem (7) in the nonconforming setting introduced above. Then, it
holds that
α∗‖u− uh‖1,h ≤ sup
w∈V hk \{0}








|u− v|1,h + (α
∗ + 1) inf
q∈PΩh
|u− q|1,h . (20)
where α∗ and α∗ are defined in (19), and N (u; ·) is the continuous linear functional





which defines the conformity error for every virtual element function wh in V hk or V
h,en
k .
Bounds on the different terms on the right hand side are provided in [7] and, if the solution u is
smooth, they yield optimal error estimates, provided (1 + α∗)/α∗ is bounded uniformly in h. The
aim of this paper is to design the stabilization term σP so that this holds true.
3. ALGEBRAIC CONSTRUCTION OF SEMI-INNER PRODUCTS AND SEMI-NORMS IN ABSTRACT
FINITE DIMENSIONAL SUBSPACES
The focus of this paper is on the construction of suitable bilinear forms σP satisfying (17) under
conditions on the mesh Ωh as weak as possible. This problem has been addressed in [13] for the
conforming virtual element method. In that case, after showing that it is sufficient for the stabilizing
bilinear form to only act on the trace of the virtual function on ∂P , one can take advantage of the
computability of such traces, which are known piecewise polynomials. In the nonconforming case,
we have an additional difficulty: contrary to what happens in the conforming case, the trace on ∂P
of the nonconforming virtual element functions is not computable, and we only have access to the
degrees of freedom, which correspond to known functionals in the space (H1(P ))′. Our idea is to
design suitable bilinear forms on the space spanned by such functionals and build the stabilization
term by a duality technique first introduced in [20], which, in this section, we present in a general
abstract setting.
Let V be a Hilbert space and V ′ its dual space, respectively endowed with the inner products (·, ·)
and (·, ·)∗, and the induced norms ‖ · ‖ and ‖ · ‖∗. We denote the duality product by 〈·, ·〉 and use
Roman fonts for the elements of V and Greek fonts for the elements of V ′. In addition, we consider:
• a continuous seminorm | · | : V → R+ with kernel Ŵ ⊂ V ; without loss of generality, after
possibly multiplying the seminorm by a fixed constant, we can assume that | · | ≤ ‖ · ‖;
• a projection operator Π̂ : V → Ŵ , which is linear, bounded and idempotent, i.e.,
‖Π̂v‖ ≤ CΠ̂‖v‖ for every v ∈ V , and Π̂
2 = Π̂;
• the seminorm | · |∗ : V ′ → R+, defined by duality with the seminorm | · |:
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• the projection operator Π̂∗ : V ′ → V ′, which is the adjoint of Π̂ with respect to the duality
product 〈·, ·〉:
〈Π̂∗η, v〉 = 〈η, Π̂v〉 ∀η ∈ V ′, v ∈ V.
This definition implies that the operator Π̂∗ is also linear, bounded and idempotent, i.e.,
‖Π̂η‖∗ ≤ CΠ̂‖η‖∗ for every η ∈ V
′, and (Π̂∗)2 = Π̂∗.
We make the following assumptions:





(A2) a Poincaré type inequality of the form ‖v‖ ≤ Cpoi|v| holds on ker(Π̂).
Assumptions (A1)–(A2) and the previous definitions imply that
• the subspace Ŵ ∗ = Π̂∗(V ′) ⊂ V ′ is finite dimensional and coincides with the kernel of the dual
seminorm | · |∗, i.e., Ŵ ∗ = ker(| · |∗);
• the following equivalence relations in V holds:
|v| = |v − Π̂v| ≤ ‖v − Π̂v‖ ≤ Cpoi|v| ∀v ∈ V, (22)
from which, by triangular inequality, we can prove the Poincaré-like inequality
‖v‖ ≤ Cpoi|v| + ‖Π̂v‖ ∀v ∈ V ;
• the following equivalence relations in V ′ holds:
C−1poi |η|∗ = C
−1
poi |η − Π̂
∗η|∗ ≤ ‖η − Π̂∗η‖∗ ≤ |η|∗ ∀η ∈ V ′; (23)







• the identity and inequality chain
|〈η, v〉| =
∣∣∣〈η − Π̂∗η, v〉∣∣∣ = ∣∣∣〈η, v − Π̂v〉∣∣∣ ≤ |η|∗ |v − Π̂v| = |η|∗ |v| (25)
holds for every η ∈ ker(Π̂∗) and v ∈ V and follows from the definition of the seminorms |v|
and |η|∗, and (22)-(23).
We now introduce two finite dimensional subspaces W ⊂ V and W ∗ ⊂ V ′, and make the further
assumptions:
(A3) Ŵ ⊂ W and Ŵ ∗ ⊂ W ∗;














Remark that if both inf-sup conditions hold, then we have that dim(W ) = dim(W ∗). On the other
hand, if dim(W ) = dim(W ∗), then either one of the two inf-sup conditions in (26) implies the other.
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Furthermore, using the inf-sup conditions above we can prove the equivalence relation in W ∗:




≤ |η|∗ ∀η ∈ W ∗. (27)
Let now N = dim(W ) = dim(W ∗) and M = dim(Ŵ ) = dim(Ŵ ∗). We consider a set of
elements B = {em}m=1,...,N , forming a basis for the spaceW , and the corresponding set of elements
B∗ = {ηn}n=1,...,N , forming a basis for the space W ∗ and satisfying the biorthogonality property
〈ηn, em〉 = δn,m m,n = 1, . . . , N. (28)
The validity of the inf-sup condition (26) implies that such a basis B∗ exists. Analogously, we will
consider a set of elements B̂ = {êj}j=1,...,M , forming a basis for Ŵ and the corresponding set of





As Π̂ is a projector, the basis sets B̂ and B̂∗ satisfy a biorthogonality property analogous to (28).








The N -sized vectors v = (vm) and ζ = (ζn) collect the expansion coefficients of v and ζ and
are respectively referred to as the vector representations of v and ζ . We will use an analogous
notations for the elements of Ŵ and Ŵ ∗, which will be represented by M -sized vectors collecting
the coefficients of their expansions in terms of the bases B̂ and B̂∗. According with this basis
choice, thanks to the biorthogonality property, we can express the duality product between ζ ∈ W ∗
and v ∈ W as follows:
〈ζ, v〉 = ζTv. (30)
Now, we consider a symmetric and positive semidefinite matrix S ∈ RN×N and the bilinear form
s(·, ·) : W ×W → R defined by
s(v, w) = wTSv, (31)
where v,w ∈ RN are the vector representations of v, w ∈ W . We assume that there exist positive
constants A and α such that for all v, w ∈ W
s(v, w) ≤ A|v| |w| and α|v|2 ≤ s(v, v). (32)
We next introduce a reflexive generalized inverse S† ∈ RN×N of S, which we define as follows.
Let P ∈ RM×N be the matrix representation of the projection operator Π̂, defined in such a way that
Pw ∈ RM is the vector representing Π̂w ∈ Ŵ if w ∈ RN is the vector representing w ∈ W . The
matrix P has maximum rank, i.e. rank(P) = min(M,N) = M , and it projects onto the kernel of S,
which coincides with the kernel of | · |.
Then, given η ∈ RN , the saddle point problem{
Sw + PTλ = η,
Pw = 0,
(33)
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has a unique solution (w,λ) ∈ RN × RM , and the corresponding coefficient matrix is nonsingu-
lar [28]. Then, we set























from which we also deduce that S† is a symmetric matrix.
In this setting, the saddle point problem (33) is well posed, and w = S†η ∈ RN if and only if
there exists a vector λ ∈ RM such that the pair (w,λ) satisfies (33). By exploiting such a fact, it
can be shown that the matrices S and S† satisfy the identities
SS†S = S and S†SS† = S†, (36)
so that S† is indeed a reflexive generalized inverse of S and viceversa. If P∗ ∈ RM×N is the matrix
representing Π̂∗, we can prove that
S†S = IN − (P∗)TP, (37)
where IN ∈ RN×N is the identity matrix.
Using the biorthogonality property (28), we can show that P∗ coincides with the matrix represent-








the vectors ŵ = (ŵi) and w = (wn) satisfy w = P∗ŵ. We can then see that the matrix IN − (P∗)TP
represents the operator (1− Π̂).
Remark 3.1. The projector Π̂ has different matrix representations, depending on whether it is seen
as an operator from W to Ŵ or as an operator from W to W . In the first case, Π̂w is represented
with respect to the basis B̂ and the operator is represented by the M × N matrix P. In the second
case, the basis used to express Π̂w is B and the operator is represented by theN×N matrix (P∗)TP.
An analogous observation holds for the operator Π̂∗.
We have now all the ingredients to define a bilinear form on W ∗ acting, on such a subspace, as
a semi-inner product inducing a semi-norm equivalent to the dual semi-norm | · |∗. More precisely,
the bilinear form s∗ : W ∗ ×W ∗ → R is defined by
s∗(η, ζ) = ηTS†ζ,
where, once again, η, ζ ∈ RN are the vector representation of η, ζ ∈ W ∗. As S† is symmetric
and positive semidefinite, s∗(·, ·) is indeed a semi-inner product on W ∗, and we have the following
Proposition.
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Proposition 3.2. For every η, ζ ∈ W ∗, it holds that
C−2poiA
−1β2|η|∗ ≤ s∗(η, η), and s∗(η, ζ) ≤ α−1|η|∗ |ζ|∗. (38)
Proof. Let η ∈ W ∗ and w ∈ W ∩ ker(Π̂) with vector representations η, w ∈ RN , and recall that
(IN − (P∗)TP)w is the vector representation of w − Π̂w. Since Π̂w = 0, (37) yields





The matrix S† is symmetric and positive semidefinite, so there exists a N × N matrix G such that
S† = GTG. We substitute such decomposition, we apply the Cauchy-Schwarz inequality and the
first indentity of (36), and we find that






















and, using the lower bound in (27), we find that for every η ∈ W ∗







which gives us the first bound in (38). Conversely, for any given η ∈ W ∗ and its vector representation
η ∈ RN , we let w ∈ W be the element with vector representation w = S†η. Then, we start from
the vector representation of the duality product (30), use inequality (25), the matrix representation
of w in (31), and the second indentity of (36) and, since, by the definition of S†, w ∈ ker(Π̂), we can
write:








We divide both sides by
√
ηTS†η and obtain that
√
ηTS†η ≤ α−1/2|η|∗. Analogously, we have that√
ζTS†ζ ≤ α−1/2|ζ|∗.
Then, to prove the second relation in (38), we simply apply the Cauchy-Schwartz inequality and
the above bounds, and we obtain




ηS†η ≤ α−1|η|∗ |ζ|∗.

Remark 3.3. We can also use the above approach to build a semi-inner product equivalent to | · | in
any finite dimensional subspace W̃ ⊂ V containing Ŵ and verifying inf-sup conditions of the form
(26), with W̃ replacing W . By applying the same reasoning as above with the roles of V and V ′
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where P∗ is the matrix realizing the adjoint projector Π̂∗. Under our assumptions it is possible to
prove that S†† = S. Then, we define the bilinear form s̃ : W̃ × W̃ → R as
s̃(w̃, ṽ) := vTS††w = vTSw,
where v and w are, this time, the vectors representing the functions w̃ and ṽ with respect to the basis
B̃ = {ẽm}m=1,...,N for W̃ , that is biorthogonal to B∗. By applying Proposition 3.2, we find that
s̃(ṽ, ṽ) & |v|2 , s̃(ṽ, w̃) . |v| |w|
for all ṽ, w̃ ∈ W̃ . The implicit constants in these bounds depend only on the constants Cpoi, A, β
and α, and on the inf-sup constant β̃ relative to the duality between W ∗ and W̃ . In other words, the
“stiffness” matrix S constructed onW can be used to define an equivalent semi-inner product on any
other subspace W̃ ⊂ V containing Ŵ and verifying an inf-sup conditions of the form (26).
4. STABILIZATION IN THE NONCONFORMING VIRTUAL ELEMENT METHOD
We now focus on the problem of building stabilization terms for the nonconforming virtual el-
ement method described in Section 2. The aim is to achieve robustness with respect to the mesh
size, under as weak assumptions as possible, on the shape of the elements. We start by making the
following minimal shape regularity assumption, which we assume to be always satisfied:
(G1) there exist a positive constant γ0 such that for all Ωh, every element P ∈ Ωh is star-shaped
with respect to a ball of radius greater than γ0hP .
We have the following lemma, whose proof is postponed to Appendix A.
Lemma 4.1. Let v ∈ V hk (P ) and v̂ ∈ V
h,en











v̂q, ∀q ∈ Pk−2(P ). (39)
Then, it holds that
|v̂|1,P ' |v|1,P .
Thanks to this lemma, we can limit our analysis to the “plain” discretization defined by (10). The
construction and the analysis of the new stabilization terms will consist in several steps:
Step 1. We show that the nonconforming virtual element space V hk (P ) and the subspace V
∗
k of
(H1(P ))′ spanned by the functionals yielding the degrees of freedom (D1)–(D2) are in a
stable duality relation, i.e., they satisfy an inf-sup condition of the form (26).
Step 2. We next show that, if we restrict ourselves to a suitably chosen subspace V̊ hk (P ) of V
h
k (P ),
a similar stable duality relation holds with the subspace spanned by the functionals corre-
sponding to the sole boundary degrees of freedom (D1), which is isomorphic to the subspace
Nk−1(∂P ) ⊂ H−
1
2 (∂P ) of piecewise polynomials on the boundary mesh EP .
Step 3. As ker Π∇,Pk ⊆ V̊ hk (P ), putting ourselves in the framework of Section 3, we can then transfer
the problem of building the bilinear form σP defined on the space V hk (P ), to whose elements
we do not have direct access, to the problem of building a H−
1
2 (∂P ) semi-inner product on
the space Nk−1(∂P ).
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Step 4. We finally show that, on Nk−1(∂P ), the H−
1
2 (∂P ) semi inner product can be split as the
sum of a global contribution acting on piecewise constants, and local contributions acting on
average-free polynomials of degree k − 1 on each edge. We postpone the treatment of the
former to the next section and, for the latter, we prove that a suitably scaled L2 inner product
yields optimal estimates.
Mesh assumptions. Before going into the details of the construction of the stabilization term, we
present the precise assumptions on the polygonal tessellations Ωh. As already stated, we assume
that (G1) is always satisfied. First, we observe that we can write the stabilization proposed in [7] as
σP (u, v) = vTu,
where u and v are the vectors collecting the degrees of freedom (D1)–(D2) of the virtual element
functions u and v. This bilinear form satisfies (17), provided that the family of polygonal meshes
Ωh satisfies the following additional shape regularity assumption:
(G2) there exist a positive constant γ1 such that for all Ωh, the distance between any two vertices
of every element P ∈ Ωh is greater than γ1hP .
Assumption (G2) implies that the size of adjacent edges are comparable. It also implies that the
number of edges in the boundary of a polygonal element is uniformly bounded from above and the
minimum edge length cannot decrease faster than the mesh size h during the refinement process for
h → 0. So, mesh families where the number of edges can become arbitrarily high as h → 0 are
not admissible. Such an assumption is quite strong, and, to allow more freedom in the choice of the
mesh, weaker alternatives have been considered in the literature. Assumption (G2) can be replaced
by either one of assumptions (G2a) and (G2b) below. The former assumption allows elements to
have a very large number of very small edges; the latter one to have very small edges adjacent to
large edges.
(G2a) There exists a real positive constant γ2 such that for all meshes Ωh and every pair of adjacent






(G2b) There exists an integer positive constant N∗ such that for all meshes Ωh, every P ∈ Ωh has
at most N∗ edges.
To allow the meshes a greater flexibility, we combine (G1) with the following assumption, which
essentially requires that, for P ∈ Ωh, a part of ∂P satisfies (G2a) and the remaining part satisfies
(G2b).
(G3) There exist two constants γ2 > 0 and N∗ ∈ N such that for all Ωh, the edge set EP of every







holds for any pair of adjacent edges e, e′ ∈ EP with e ∈ E1P ;
(G3.2) E2P contains at most N∗ edges.
STABILIZATION OF THE NONCONFORMING VIRTUAL ELEMENT METHOD 15
Assumption (G3) allows for situations where a large number of small edges coexists with some large
edges. We can think of families of meshes for which such an assumption is not satisfied, but they
would be extremely pathological.
Step 1. Degrees of freedom: definition and stable duality. Let P ∈ Ωh. We devote this section to
verifying that the local nonconforming virtual element space V hk (P ) ⊂ H1(P ), defined by (10), and
the space V ∗k (P ) spanned in (H
1(P ))′ by the functionals yielding the degrees of freedom (D1)–(D2)
fall into the framework considered in Section 3. To this aim we introduce the space of discontinuous
piecewise polynomials of degree k − 1 that are defined on the elemental boundary ∂P ,
Nk−1(∂P ) =
{





and we let V ∗k (P ) ⊂ (H1(P ))′ be defined as
V ∗k (P ) = γ
∗
PNk−1(∂P )⊕Pk−2(P ) ⊂ (H1(P ))′,
where γ∗P : H
− 1
2 (∂P )→ (H1(P ))′ is the adjoint of the trace operator γP : H1(P )→ H
1
2 (∂P ): for
all ξ ∈ H− 12 (∂P )
〈γ∗P ξ, v〉 = 〈ξ, γPv〉, ∀v ∈ H1(P ). (40)
In fact, for any given virtual elemental function v ∈ V hk (P ), the degrees of freedom (D1)–(D2) of v
stem from the action of a basis of V ∗k (P ).
Let H1(P ) denote the subspace of functions in H









where, for the sake of notational simplicity and with some abuse of notation, we let the same symbol
v denote both a function v ∈ H1(P ) and its trace on ∂P . By duality with such a subspace ofH1(P ),
we define the dual seminorm | · |−1,P : (H1(P ))′ → R+ as





We can prove the following proposition, which is a stronger version of the unisolvency property for
the degrees of freedom. In fact, not only it implies unisolvency, but also that the space spanned by
the functionals yielding the degrees of freedom provides control, uniformly in h, on the H1 norm of








denote the average of v on ∂P .
Lemma 4.2. For all v ∈ V hk (P ) it holds that
sup
η∈V ∗k (P )
〈η, v〉√





∣∣∣∣2 + |v|21,P .
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Proof. Let v ∈ V hk (P ) and take ηv ∈ V ∗k (P ) given by
ηv = γ
∗






















































= |v|1,P . (42)





Adding the square of (42) and (43) yields




∣∣∣∣2 + |v|21,P , (44)









Finally, we combine this identity with (44) to obtain√∣∣∣∣ 
∂P
v
∣∣∣∣2 + |v|21,P = 〈ηv, v〉√
|〈ηv, 1〉|2 + |ηv|2−1,P
≤ sup
η∈V ∗k (P )
〈η, v〉√
|〈η, 1〉|2 + |η|2−1,P
,
which holds for every v ∈ V hk (P ) and is the assertion of the lemma. 
Step 2. Reduction to the boundary. If we restrict ourselves to a suitable subspace V̊ hk (P ) of V
h
k (P ),
we have a stable duality result with the space spanned by the functionals yielding the boundary




q ∈ Pk(P ) : ∆q = 0
}
⊂ Pk(P ),
and the space of polynomials of degree at most k orthogonal to all polynomials in Ak(P ),
P̊k(P ) =
{
p ∈ Pk(P ) :
ˆ
P
pq = 0 ∀q ∈ Ak(P )
}
⊂ Pk(P ).
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Let
V̊ hk (P ) =
{
v ∈ V hk (P ) :
ˆ
P
∇v · ∇q = 0, ∀q ∈ P̊k(P )
}
. (45)
Remark that V hk (P ) ∩ ker Π
∇,P
k ⊂ V̊ hk (P ). We have the following lemma.












∣∣∣∣2 + |v|21,P .
To prove Lemma 4.3, we need two technical lemmas, which have been proven in [13] for the
conforming virtual element method and are also true in the nonconforming case. As the proof is the
same, we omit it.




Lemma 4.5. For all v ∈ V hk (P ) there exists a polynomial function q̃ ∈ P̊k(P ) such that
∆q̃ = ∆v and |q̃|1,P . hP ‖∆v‖0,P .
We can now prove Lemma 4.3.
Proof of Lemma 4.3. Consider a function v ∈ V̊ hk (P ). Thanks to Lemmas 4.5 and 4.4, there exists a
polynomial q̃ ∈ P̊k(P ) such that
∆q̃ = ∆v and |q̃|1,P . hP ‖∆v‖0,P . |v|1,P . (46)
We take ηv ∈ Nk−1(∂P ) given by






















∇(v − q̃) · ∇w +
ˆ
P






































∇w · ∇(v − q̃)
|w|1,P
= |v − q̃|1,P . |v|1,P , (49)
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|〈γ∗Pη, 1〉|2 + |η|2−1,P
which is the assertion of the lemma.
As the kernel of Π∇,Pk is included in V̊
h
k (P ), this will allow us to neglect the interior degrees of
freedom (D2) when designing the stabilization bilinear form.
We conclude by remarking that we have dim(V̊ hk (P )) = dim(Nk−1(∂P )). Indeed, we have the
splitting (cf. [25])
Pk(P ) = Ak(P )⊕ |x|2Pk−2(P ),
so that dim(̊Pk(P )) = dim(Pk−2(P )), which implies that dim(V̊ hk (P )) ≥ dim(V hk (P ))− dim(Pk−2(P )) =
dim(Nk−1(∂P )). The converse inequality is a consequence of Lemma 4.3.
Step 3. Transfer to the dual. We use the approach of Section 3 with these definitions:
• V = (H1(P ))′ and V ′ = H1(P );
• W = γ∗P (Nk−1(∂P )) and W ∗ = V̊ hk (P );
• Ŵ = γ∗P (P0(∂P )) and Ŵ ∗ = P0(P ).
Remark that (H1(P ))′, which is naturally a dual space, plays here the role of the primal space, and,
vice-versa, H1(P ) plays the role of the dual space.
The projector operators Π̂ : (H1(P ))′ → γ∗P (P0(∂P )) and Π̂∗ : H1(P ) → P0(P ) are, respec-
tively, defined as




(we recall that P0(ω) is the restriction to ω of the space of constant functions).
Thanks to Lemma 4.5, assumptions (A1)–(A4) are satisfied, provided we endow the spacesH1(P )





∣∣∣∣2 + |v|21,P , 9ζ9−1,P = √|〈ζ, 1〉|2 + |ζ|2−1,P .
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In order to build a bilinear form σP satisfying (17) on the space W ∗ = V̊ hk (P ), to whose elements
we do not have access (not even to the boundary values), we can instead build a bilinear form σ∗P on
the space Nk−1(∂P ) (whose element are known in closed form), satisfying




P (η, µ) . |γ∗Pη|−1,P |γ
∗
Pµ|−1,P . (50)
Once σ∗P is built, we consider:
• the set B =
{
ζi, i = 1, . . . , kN
}
of the piecewise polynomials of degrees up to k − 1 used to
evaluate the degrees of freedom (D1) associated with the elemental boundary ∂P . The set B is
a basis of the space Nk−1(∂P );
• the basis functions φi ∈ V̊ hk (P ) associated with the elements ζi of the basis B, verifyingˆ
∂P
φiζj = δij, i, j = 1, . . . , kN.
The value of a degree of freedom of a function in V̊ hk (P ) corresponding to the unknown basis
function φi coincides with its i-th boundary degree of freedom in the complete local VEM space.
Then, we apply the framework of Section 3. We let S = (sij) denote the stiffness matrix associated
to the bilinear form s = σ∗P , which is
sij = s(ζi, ζj) = σ
∗
P (ζj, ζi) i, j = 1, · · · , kN,
We define matrix Σ = (σij) by Σ = S†, where S† is the reflexive generalized inverse of S of
Section 3, and the bilinear form σP (·, ·) by setting
σP (φj, φi) = σij i, j = 1, · · · , kN. (51)
Proposition 3.2 states that σP (·, ·) satisfies (17). We also have that
σP (v, w) = wTΣv = wTS†v,
where w and v are the vectors collecting the boundary degrees of freedom (D1) of two functions
w and v in V̊ hk (P ). So, we do not actually need to build the basis functions φi, but we define the
action of the bilinear form σP directly on the vectors of degrees of freedom. This strategy allows us
to reduce the construction of a bilinear form σP (·, ·) satisfying (17) to the construction of a bilinear
form σ∗P (·, ·) satisfying (50).
Step 4. Factoring out higher order polynomials. We deal now with the construction of a bilinear
form satisfying (50). To this end, we consider the seminorm | · |−1/2,∂P : H−
1










where the functional space H
1
2














Observe that, for all η ∈ H− 12 (∂P ), it holds that
|γ∗Pη|−1,P ' |η|−1/2,P .
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Then, we can rewrite (50) as




P (η, µ) . |η|−1/2,∂P |µ|−1/2,∂P . (53)
We now split Nk−1(∂P ) as
Nk−1(∂P ) = N0(∂P )⊕N⊥0 (∂P ),
where N0(∂P ) is the space of functions that are constant on each edge of ∂P , and
N⊥0 (∂P ) =
{
η ∈ Nk−1(∂P ) :
ˆ
e
η = 0, for all edge e ∈ EP
}
is the space of piecewise polynomials of order up to k−1 with zero average on each edge of ∂P . We
start by providing a lower bound, which holds for all η ∈ Nk−1(∂P ) under the very weak assumption
(G3) on the edge partition EP of ∂P .
Lemma 4.6. Assume that (G3) holds. Then, for all η ∈ Nk−1(∂P ) with
´
∂P








The proof of this Lemma is quite technical and we report it in Appendix B. On N⊥0 (∂P ) we can
also prove an upper bound, as stated by the following lemma.
Lemma 4.7. For all η ∈ L2(∂P ) such that
´
e








Proof. Consider η ∈ L2(∂P ) such that its average on every edge e ∈ EP is zero. Let v ∈ H
1
2 (∂P )










≤ ‖η‖0,e ‖v − v̄
































The assertion of the lemma follows by using this inequality in the definition (52) of the seminorm
|η|−1/2,∂P . 
The following corollary is a straightforward consequence of Lemmas 4.6 and 4.7.
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Now, every η ∈ Nk−1(∂P ) can be split as η = η0 + η⊥ with η0 ∈ N0(∂P ) and η⊥ ∈ N⊥0 (∂P ),
and we have ∥∥η⊥∥∥
0,e
=


























































and, by triangular inequality,∣∣η0∣∣−1/2,∂P . |η|−1/2,∂P + ∣∣η⊥∣∣2−1/2,∂P . |η|−1/2,∂P .
Corollary 4.8 yields the following result.
Corollary 4.9. If assumption (G3) holds, then, for η ∈ Nk−1(∂P ) split as η = η0 + η⊥ with
η0 ∈ N0(∂P ) and η⊥ ∈ N⊥0 (∂P ), we have
|η|2−1/2,∂P '





∣∣η − η0∣∣2 .
In view of Corollary 4.9, we define the stabilizing bilinear form σ∗P (·, ·) : Nk−1(∂P )×Nk−1(∂P )→
R as







(η − η0)(ζ − ζ0), (57)
where s0(·, ·) : N0(∂P )×N0(∂P )→ R can be any bilinear form satisfying
s0(η0, ζ0) .
∣∣η0∣∣−1/2,∂P ∣∣ζ0∣∣−1/2,∂P , and s0(η0, η0) & ∣∣η0∣∣2−1/2,∂P (58)
for all η0,ζ0 ∈ N0(∂P ). In the next section we will provide three different strategies to build suitable
bilinear forms s0(·, ·).
5. STABILIZATION FOR THE LOWEST ORDER NONCONFORMING VEM
We devote this section to the construction and analysis of several possible bilinear forms s0(·, ·) :
N0(∂P ) × N0(∂P ) → R satisfying (58). We consider three different strategies. The first one is
to define s0 as a weighted L2 inner product, at the price of the loss of a logarithmic factor in the
stability estimate. The second strategy is to resort to the use of a wavelet decomposition of the space
N0(∂P ), and take advantage of the equivalent expressions for the Sobolev norms of negative and/or
fractionary order that such bases allow. Finally, in the spirit of Remark 3.3, we construct a second,
explicitly known, discrete space, in a stable duality relation with N0(∂P ). For this discrete space
we explicitly define a bilinear form inducing the H
1
2 (∂P ) seminorm, that we use to construct the
bilinear form s0(·, ·) by duality.
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FIGURE 1. A polygon P (left), the auxiliary quasi-uniform grid Gaux(∂P ) (center)
and the dual grid G∗aux(∂P ) (right). Remark that the vertices of the polygonal element
are not nodes of G∗aux(∂P ).
5.1. A quasi optimal stabilization term. We can define the bilinear form s0 as


















and we have the following lemma.




for all η ∈ N0(∂P ) we have
(1 + log(hP/ĥP ))
−1|η|2−1/2,∂P . s0(η, η) . |η|
2
−1/2,∂P .
Proof. Thanks to Lemma 4.6, we only need to prove the first inequality. We consider an auxiliary
quasi-uniform mesh Gaux(∂P ) on ∂P with mesh size ĥP containing, as nodes, all the vertices of
P , and we let G∗aux(∂P ) denote the dual mesh of Gaux(∂P ), whose nodes are the midpoints of the
elements of Gaux(∂P ) (see Figure 1).
Then, we let Naux(∂P ) and N∗aux(∂P ) denote, respectively, the space of piecewise constant func-
tions on the mesh Gaux(∂P ), and the space of average free continuous piecewise linear functions on
the mesh G∗aux(∂P ). Observe that N0(∂P ) ⊆ Naux(∂P ). We know (cf. [62], see also Corollary 5.5








Now, for η ∈ N0(∂P ) and v ∈ N∗aux(∂P ), applying the Cauchy-Schwartz inequality twice, we
obtain: ˆ
∂P
ηv . ‖v‖L∞(∂P )
ˆ
∂P
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It remains to bound the L∞(∂P ) norm of v in terms of its H
1
2 (∂P ) seminorm. To this aim, we use
an inverse inequality on the space of continuous piecewise linear polynomials N∗aux(∂P ), cf. [19,
Lemma 3.2(i)], and obtain
|η|−1/2,∂P .
√
























concludes the proof. 
If we now use the bilinear form s0 defined above in the design of the stabilization bilinear form
for the space V hk (P ), we have that (17) is satisfied possibly with the loss of a logarithmic factor if
assumption (G2a) is violated, as stated by the following corollary.
Corollary 5.2. Let assumption (G2b) hold, and let σ∗P be defined by (57) with s0 defined by (59).
Then, the dual bilinear form σP : V hk (P ) × V hk (P ) → R defined by (51) verifies, for all v, w ∈




aP (v, v) . σP (v, v) . (1 + log(hP/ĥP ))a
P (v, v).
5.2. An optimal stabilization based on a wavelet decomposition. In order to define a bilinear
form s0(·, ·) satisfying (50) on N0(∂P ), we can exploit some known norm equivalences for the
space H−
1
2 (∂P ), based on wavelet decompositions. On a circle Γ̂ of unitary length, we consider
the increasing sequence of spaces {Vj}∞j=0, where Vj ⊂ L2(Γ̂) is the space of piecewise constant
functions on the uniform grid on Γ̂ with mesh size 2−j . Let {sjk}
2j−1
k=0 denote the nodes of the
corresponding mesh, which we assume to be ordered counter-clockwise. As Vj ⊂ Vj+1, for all level
j we can decompose ηj+1 ∈ Vj+1 as ηj+1 = ηj + δj , with ηj ∈ Vj obtained by applying a suitable
oblique projector Qj to ηj+1. For a given M > 0, this gives us a telescopic expansion of all function
in VM as ηM = η0 +
∑M−1
j=0 δj , and, passing to the limit as M goes to infinity, of all functions η in
L2(Γ̂) as η = η0 +
∑∞









As Qj , whose precise definition is out of the scope or this paper, is a projector, for η ∈ Vj we have
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Let δj(η) be the vector of coefficients of δj = (Qj+1−Qj)η with respect to a suitable basis for the
space Wj = (1−Qj)Vj+1, whose definition is also out of the scope of this paper (see [39] for more
details). Given κj+1(η), we compute κj(η) := {κjk}2
j−1
k=0 by subsampled convolution with a low-
pass filter h of length L + 1, which is strictly related with the projector Qj , and δj(η) := {δjk}2
j−1
k=0

















(κj+1,2k − κj+1,2k+1) .
In the above computations, the function η is considered as periodic, so that we extend the vector
κj+1(η) as κj+1,2j+1+k = κj+1,k, k ≥ 0, when 2k + l > 2j+1 − 1. For suitable choices of the low





where ‖·‖2 denotes the Euclidean norm. There are several possible choices for the oblique projector
Qj and the relative low pass filter h (see [39]). In our experiments, we choose the so called (2,2)-



























In order to exploit such a norm equivalence, we embed the grid on ∂P , whose elements are the
edges of P , in a quasi uniform mesh Gaux with 2M elements, where M is the smallest integer such
that M > log2(
∑
e∈EP he/(mine∈EP he)).
We then consider a continuous piecewise linear (in the curvilinear abscissas) mapping Θ : Γ̂ →
∂P , such that the nodes of the uniform dyadic grid of Γ̂ with 2M elements are mapped to the nodes
of Gaux. A change of variable argument yields the scaling relation
|η|−1/2,∂P ' hP |η ◦Θ|−1/2,Γ̂ .
Then, for η, µ ∈ N0(∂P ), we define





2−jδj(η ◦Θ)Tδj(µ ◦Θ)T . (62)
The vectors δj(η ◦ Θ) and δj(µ ◦ Θ) can be computed efficiently by a fast wavelet transform. We
have the following corollary.
Corollary 5.3. Let assumption (G3) hold, and let σ∗P be defined by (57) with s0 defined by (62).
Then, the dual bilinear form σP : V hk (P ) × V hk (P ) → R defined by (51) verifies, for all v, w ∈





aP (v, v) . σP (v, v) . aP (v, v).
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5.3. An optimal stabilization based on a known dual space. In the spirit of Remark 3.3, we can
look at N0(∂P ) as the stable dual space of a third, explicitly known space Ñ0(∂P ) ⊂ H
1
2 (∂P ).
Then, we can construct an optimal stabilizing form s0 on N0(∂P ) if we are able to construct a
bilinear form on Ñ0(∂P ) that is spectrally equivalent to the H
1
2 (∂P ) semi-inner product. A key
ingredient in the construction is an oblique projector onto the continuous piecewise linears, studied
by Steinbach in [62].
Let G and G∗ denote, respectively, a grid on ∂P , and the dual grid, whose nodes are the midpoints
of the elements of G. We letK(G) and K̃(G∗) denote the space of piecewise constant functions on G
and space of continuous linear functions on G∗. We can define the projector Q̃ : L2(∂P )→ K̃(G∗)
as
〈Q̃v − v, wh〉 = 0 ∀wh ∈ K(G).
The following theorem holds.
Theorem 5.4. Assume that there exists a constant c′ ≥ 1 such that for any two adjacent intervals e









the implicit constant in the inequality depending on c′.
The proof of Theorem 5.4, which also yields the value of the constant c0, is the same as the proof
of the analogous result in [62, Theorem 4.3 and Section 5], where the roles of the grids G and G∗
are, however, switched. Nevertheless, the arguments therein apply unchanged to the present case,
though resulting in a different value of c0, as detailed in Appendix C. Using Q̃h as a Fortin projector,
we find the result stated in the following corollary.


















Assume now that the tessellation satisfies Assumption (G2a) with a constant γ2 < c0, where
c0 is given in Theorem 5.4. We let Ñ0(∂P ) denote the space of piecewise linear (in the arclength
ascissa on the boundary) functions on the grid G∗ whose nodes are the midpoints of the edges of P .










Once again, we resort to the duality technique presented in Section 3 by setting, this time,
• V = H 12 (∂P ), V ′ = H− 12 (∂P ),
• W = Ñ0(∂P ), W ∗ = N0(∂P ),
• Ŵ = Ŵ ∗ = P0(∂P ).
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We take the projection Π̂ as the L2(∂P )-orthogonal projection onto the constants. We need to
define a bilinear form σ̃P on the known space Ñ0(∂P ) satisfying
σ̃P (φ, φ) ' |φ|21/2,∂P , σ̃
P (φ, ψ) . |φ|1/2,∂P |ψ|1/2,∂P . (63)
The problem of defining bilinear forms satisfying (63) on the space of continuous piecewise linear
functions has been addressed in other numerical frameworks, such as, for example, the one of do-
main decomposition methods (see, for instance, [26]) or the stabilization of the conforming VEM
method (see [13]). We will present two possible options at the end of this Section.
Assume now to have such a bilinear form. Let B0 = {ζe0 , e ∈ EP}, with ζe0 denoting the
characteristic function of the edge e, denote the natural basis for N0(∂P ), and B̃0 = {φ̃ei , i =
1, · · · ,#EP} be the basis for Ñ0(∂P ), dual to B0, that is, φ̃ei is the unique piecewise linear function







φ̃ei = δi,j, j = 1, · · · ,#EP .
We define the relative stiffness matrix
Σ̃ = (σ̃i,j), σ̃i,j = σ̃
P (φ̃ei , φ̃ej).
Let S0 = Σ̃† = (s0i,j). We can define s
0 : N0(∂P )×N0(∂P )→ R by setting
s0(ζei , ζej) = s
0
i,j, i, j = 1, · · · ,#EP . (64)
Proposition 3.2 yields, for all η ∈ N0(∂P )
s0(η, η) ' |η|2−1/2,∂P .
We have the following corollary.
Corollary 5.6. Let assumption (G2a) hold with γ2 < c0, c0 given by Theorem 5.4, and let σ∗P be
defined by (57) with s0 defined by (64). Then, the dual bilinear form σP : V hk (P ) × V hk (P ) → R




aP (v, v) . σP (v, v) . aP (v, v).
As observed in Remark 3.3, we find that S†0 = Σ̃
†† = Σ̃, and, consequently, the bilinear form σP
mentioned in the above corollary, takes the form
σP (u, v) =
#EP∑
i,j=1











Remark 5.7. Analogously to what we proposed in Section 5.2, if the tessellation does not satisfy
the gradedness Assumption (G2a) with γ2 < c0, it is always possible to embed the mesh induced on
∂P by the vertexes of P in a finer mesh satisfying the assumptions of Theorem 5.4. Then, we can
define σ∗P on the space of piecewise constants on such a finer grid and then restrict it to N0(∂P ).
In such a case, the finer mesh is only needed for the computation of low order component of the
stabilization bilinear form.
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denote the bilinear form relative to the Laplace-Beltrami operator on ∂P , with R̃ = (ri,j), ri,j =
b(φ̃ei , φ̃ej), being the stiffness matrix relative to its Galerkin discretization, and M̃ = (mi,j), mi,j =´
∂P
φ̃eiφ̃ej the corresponding mass matrix. The first possibility is to define σ̃
P as the scaled Laplace-
Beltrami operator, which corresponds to setting
Σ̃ = hP R̃.
This bilinear form has been proposed in [13] as a stabilization for the conforming virtual element
methods, where the traces of virtual functions on the boundary of the elements are continuous piece-
wise linear polynomials. We let s0sLB : N0(∂P ) × N0(∂P ) → R denote the bilinear form resulting
from such a choice.
The second possibility, originally proposed in the domain decomposition framework (cf. [26]
and [24, page 1110]), is to define σ̃P as the square root of the Laplace-Beltrami operator, which
correspond to setting
Σ̃ = M̃1/2(M̃−1/2R̃M̃−1/2)1/2M̃1/2.
Remark that if the grid G∗ is quasi-uniform, then, using mass lumping, the contributes of the mass
matrix M̃ cancel out and the above definition reduces to Σ̃ = R̃1/2. We let s0rLB : N0(∂P ) ×
N0(∂P )→ R denote the bilinear form resulting from such a choice.
6. IMPLEMENTATION AND NUMERICAL EXPERIMENTS
6.1. Construction of the stabilizing bilinear form. Before presenting the numerical tests, we give
some detail on the algebraic realization of the bilinear form σP (·, ·).
For convenience of exposition, we introduce a local numbering of the elemental edges, e.g., we
denote the `-th edge in EP by e` with subindex ` running from 1 to N = ](EP ), the cardinality of
the edge set EP . We select the boundary degrees of freedom (D1) on each edge of ∂P so that B
contains the subset B0 =
{
ζe`0 , ` = 1, · · · , N}, forming a basis of N0(∂P ), with the remaining
basis functions having zero average on the elemental edges. The basis B will then have the form
B = B0 ∪ {ζe`i , ` = 1, · · · , N, i = 1, · · · , k − 1}, where, for ` = 1, · · · , N , the set {ζ
e`
i , i =
1, · · · , k − 1} is a basis for the space of average free polynomials of order at most k − 1 on e`.




0 ). This choice of the basis im-
plies that matrix S is block diagonal up to a permutation of its rows and columns, which corresponds
to a suitable renumbering of the edge basis functions, and takes the form
S =

S0 0 · · · 0
0 he1M1 · · · 0
...
... . . .
...
0 0 · · · heN MN
 ,
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FIGURE 2. Test Case 1: Mesh family M1 (exagonal elements with progressively
collapsing edges)




































FIGURE 3. Test Case 2: Mesh family M2 (polygonal elements with an increasing
number of edges)
where M` is the mass matrix for the space of average free polynomials of order at most k− 1 on the






j i, j = 1, . . . , k − 1.
As the matrices M` are nonsingular, it is not difficult to check that the reflexive generalized inverse
S† of S, as defined in Section 3, has a block diagonal structure and it is given by
S† =

S†0 0 · · · 0
0 h−1e1 M
−1
1 · · · 0
...
... . . .
...




6.2. Numerical tests. The main goal of this section is to assess the effectiveness of the virtual ele-
ment method with the stabilization forms proposed in the previous sections. In particular, we want to
investigate experimentally the robustness of the approximation when using sequence of meshes with
possibly unbounded number of edges per element, and possibly very small edges adjacent to large
edges. We recall that such kind of mesh sequences violate the mesh regularity assumption (G2),
although they may satisfy the relaxed condition (G2a) or (G2b), and the weaker assumption (G3).
To this end, we compare the accuracy of five different numerical approximations (6) obtained by
using these stabilizations in the practical implementation of the VEM:
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FIGURE 4. Test Case 3: Mesh family M3 (polygonal elements with a number of
edges that doubles at each refinement)
• σ1: standard choice as proposed in [7];
• σi, i = 2, 3, 4, 5 obtained by duality with σ∗i defined by (57) with the following choices for
the bilinear form s0:
- σ2: s0 = s0L2 (weighted L
2 scalar product);
- σ3: s0 = s0sLB (scaled Laplace–Beltrami operator);
- σ4: s0 = s0rLB (square root of the Laplace–Beltrami operator).
- σ5: s0 = s0wav (wavelet bases equivalent norm);
We solve Poisson problem (6) on the computational domain Ω = (0, 1) × (0, 1) after setting the
load term f and nonhomogeneous Dirichlet boundary conditions g on the domain boundary Γ in





All tests are performed using the enhanced non conforming virtual element discretization space
V h,enk (P ), and setting fh = Π
0
kf , where Π
0
k : L
2(Ω)→ Pk(Ωh) is the L2 orthogonal projection onto
the space of discontinuous piecewise polynomials of order up to k on Ωh. In all our implementations,
we use orthogonal polynomials as the basis in Pk(P ) for every P ∈ Ωh and Pk(e) for every e ∈ E
(see Remark 2.1). The linear system assembled in any implementation of the VEM is solved by
applying the direct solver PaStiX [49].
We run our numerical calculations on three different mesh families:
•M1: meshes of hexagonal elements with progressively collapsing edges, see Figure 2;
•M2: meshes of polygonal elements with an increasing number of edges, see Figure 3;
•M3: meshes of polygonal elements with a square boundary ∂P partitioned in a number of edges
that doubles at each refinement, see Figure 4.
Three meshes of each family are shown in Figures 2, 3, and 4 For each mesh, we provide the
following data: Nel, the number of elements of Ωh;Ned, the number of edges of E ; h = maxP∈Ωh hP ,
the mesh size coefficient; ĥ = mine∈E he, length of the smallest edge, γh = maxP∈Ωh(hP/ĥP ),
largest ratio element diameter/smallest edge, where, we recall ĥP = mine∈EP he. All mesh families
satisfy Assumption (G1) and (G3). The familyM1 does not satisfy Assumption (G2a), while the
familiesM2 andM3 do not satisfy Assumption (G2b).
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Mesh Nel Ned h ĥ γh
1 77 232 2.08·10−1 2.08·10−2 6.08
2 281 844 1.15·10−1 5.21·10−3 1.25·101
3 1073 3220 5.99·10−2 1.30·10−3 2.59·101
4 4193 12 580 3.06·10−2 3.26·10−4 5.28·101
TABLE 1. Test Case 1: data of mesh familyM1A (shrinking factor = 1/2).
Mesh Nel Ned h ĥ γh
1 77 232 2.08·10−1 2.08·10−2 6.08
2 281 844 1.25·10−1 8.14·10−5 8.58·102
3 1073 3220 6.25·10−2 3.18·10−7 1.10·105
4 4193 12 580 3.13·10−2 1.24·10−9 1.41·107
TABLE 2. Test Case 1: data of mesh familyM1B (shrinking factor = 1/128).







for k = 1, 2, 3, 4.
Test Case 1. In Test Case 1, we apply the VEM to the family of hexagonal meshes with collapsing
edges shown in Fig. 2. We want to investigate the robustness of the different stabilizations σi,
i = 1, 2, 3, 4, with respect to the rate at which γh grows. To this end, at each refinement step we
shrink the minimum edge length by a shrinking factor so that ĥP decreases faster than the mesh size
factor hP . In practice, we consider two different families of refined meshes, e.g.,M1A andM1B,
with a shrinking factor for the minimum edge length equal to 1/2 and 1/128, respectively. We report
the data for these meshes in Tables 1 and 2.
Figures 5, 6 show the convergence plots of eu0 and e
u





like O(hk+1) and O(hk), respectively. All the stabilization strategies exhibit similar performance.
When k = 1, as far as eu0 is concerned, the stabilizations σ1 and σ2 exhibit a slightly more favorable
error constant with respect to σ3 and σ4. When k = 4, as far as eu1 is concerned, the σ1 stabilization
does not perform as well as the other ones.
Mesh Nel Ned h ĥ γh
1 41 448 2.61·10−1 3.13·10−2 8.09
2 145 2368 1.31·10−1 9.38·10−3 1.39·101
3 545 11 136 6.53·10−2 4.29·10−3 1.52·101
4 2113 55 552 3.26·10−2 1.56·10−3 2.09·101
TABLE 3. Test Case 2: data of mesh familyM2A.



































































σ1a σ2a σ3a σ4a
σ1b σ2b σ3b σ4b
FIGURE 5. Test Case 1: convergence plots for eu0 using the hexagonal meshes
M1A and M1B, and the four stabilization strategies σi, i = 1, 2, 3, 4. Top row:
plots for k = 1 (left panel) and k = 2 (right panel); bottom row: plots for k = 3 (left
panel) and k = 4 (right panel).
Mesh Nel Ned h ĥ γh
1 41 448 2.61·10−1 3.13·10−2 8.09
2 145 3008 1.31·10−1 8.58·10−3 1.52·101
3 545 22 400 6.53·10−2 2.08·10−3 3.04·101
4 2113 175 360 3.26·10−2 5.21·10−4 6.26·101
TABLE 4. Test Case 2: data of mesh familyM2B.
Test Case 2. In the second test case, we consider the family of meshes shown in Figure 3. At
each mesh-refinement step, we increase the number of edges per element. We consider two fami-
lies of meshes,M2A andM2B, which are characterized by a different growth rate of hP/ĥP . The
































































σ1a σ2a σ3a σ4a
σ1b σ2b σ3b σ4b
FIGURE 6. Test Case 1: convergence plots for eu1 using the hexagonal meshes
M1A and M1B, and the four stabilization strategies σi, i = 1, 2, 3, 4. Top row:
plots for k = 1 (left panel) and k = 2 (bottom panel); bottom row: plots for k = 3
(left panel) and k = 4 (right panel).
1 14 (4) 16 ( 16) 20 ( 12) 24 ( 9)
2 20 (4) 24 ( 64) 30 ( 28) 40 ( 49)
3 26 (4) 32 ( 256) 38 ( 60) 48 (225)
4 34 (4) 40 (1024) 50 (124) 64 (961)
TABLE 5. Test Case 2: additional data of mesh familyM2A.
data of these meshes are collected in Tables 3-4. Additionally, for these meshes we report in Ta-
bles 5–6 the mesh number, the number of edges per element and for each one of these data, the
number of elements having that specific number of edges. For example, the first line of Table 5,
i.e., “1 14(4) 16(16) 20(12) 24(9)” must be read as: “Mesh (refinement) 1 has 4 elements with 14
edges, 16 elements with 16 edges, 12 elements with 20 edges and 9 elements with 24 edges”.
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1 14 (4) 16 ( 16) 20 ( 12) 24 ( 9)
2 26 (4) 32 ( 64) 38 ( 28) 48 ( 49)
3 54 (4) 64 ( 256) 78 ( 60) 96 (225)
4 105 (4) 125 (1024) 155 (124) 195 (961)




































































σ1a σ2a σ3a σ4a
σ1b σ2b σ3b σ4b
FIGURE 7. Test Case 2: convergence plots for eu0 using the polygonal meshes
M2A and M2B, and the four stabilization strategies σi, i = 1, 2, 3, 4. Top row:
plots for k = 1 (left panel) and k = 2 (right panel); right row: plots for k = 3 (left
panel) and k = 4 (bottom panel).
Figures 7 and 8 show the convergence plots of eu0 and e
u
1 that we obtain with the VEM and the
stabilizations σi, i = 1, 2, 3, 4.
As expected, the errors eu0 and e
u
1 behave like O(hk+1) and O(hk), respectively. However, we
note that there is some loss of accuracy for k = 1, 3 and 4 when we use the stabilizations σ1 and σ2.
On the other hand, the VEM with stabilizations σ3 and σ4 behaves similarly for k = 1, 2 and 3 but
































































σ1a σ2a σ3a σ4a
σ1b σ2b σ3b σ4b
FIGURE 8. Test Case 2: convergence plots for eu1 using the polygonal meshes
M2A and M2B, and the four stabilization strategies σi, i = 1, 2, 3, 4. Top row:
plots for k = 1 (left panel) and k = 2 (bottom panel); bottom row: plots for k = 3
(left panel) and k = 4 (bottom panel).
Mesh Nel Ned h ĥ γh
1 64 576 1.77·10−1 3.13·10−2 5.66
2 256 4352 8.84·10−2 7.81·10−3 1.13·101
3 1024 33 792 4.42·10−2 1.95·10−3 2.26·101
4 4096 266 240 2.21·10−2 4.88·10−4 4.53·101
TABLE 7. Test Case 3: data of mesh familyM3.
for k = 4, σ3 induces a visible loss in the convergence rate, possibly due to the effect of round-off.
Instead, all versions of the VEM exhibit a similar behavior for eu1 .




































































σ1 σ2 σ3 σ4 σ5
FIGURE 9. Test Case 3: convergence plots for eu0 using the “squared” polygonal
meshesM3, and the five stabilization strategies σi, i = 1, 2, 3, 4, 5. Top row: plots
for k = 1 (left panel) and k = 2 (bottom panel); bottom row: plots for k = 3 (left
panel) and k = 4 (bottom panel).
Test Case 3. In the third test case, we consider the family of meshes shown in Figure 4. At each
mesh refinement step, the number of edges per element is an increasing power of two, so that we
can take the auxiliary grid Gaux(∂P ) as the grid whose elements are the edges in EP . The data for
these meshes are reported in Table 7.
Figures 9 and 10 show the convergence plots for eu0 and e
u
1 that we obtain with the stabilizations
σi, i = 1, 2, 3, 4, 5. We observe significative differences in the convergence rates for eu0 . In particular,
for k = 1, the stabilizations σ1 and σ2 perform poorly.
For k = 4, the performance of σ3 is extremely poor on the finest mesh. On the other hand, all the
convergence plots for eu1 show the optimal convergence rate proportional to O(hk) regardless of the
stabilization.
The most robust stabilizations are σ4 and, when this is computed, σ5 (for technical reasons, de-
pending on the wavelet implementation at our disposal, we only tested σ5 on the familyM3). How-
ever, the algorithm we used to compute the square-root of a matrix in σ4 (see [50]) failed to run in


































































σ1 σ2 σ3 σ4 σ5
FIGURE 10. Test Case 3: convergence plots for eu1 using the “squared” polygonal
meshesM3, and the five stabilization strategies σi, i = 1, 2, 3, 4, 5. Top row: plots
for k = 1 (left panel) and k = 2 (bottom panel); bottom row: plots for k = 3 (left
panel) and k = 4 (bottom panel).
some experiments on hexagonal meshes with more extreme values of the ratio h/ĥ than those of
theM2 family, due to round-off errors. More stable algorithms for computing the square-root of a
matrix should be considered (see, for example, [44]).
7. CONCLUSIONS
We studied a novel approach to designing computable stabilizing bilinear forms for the noncon-
forming virtual element method, based on the duality technique first introduced in [20]. This consists
in transfering the definition of the bilinear form from the local virtual element space to the dual space
spanned by the functionals yielding the degrees of freedom. In such a way we could overcome the
difficulty posed by the fact that, in the non conforming framework, the shape functions are non
computable (not even as far as their trace on the boundary of the elements is concerned), and that
the only information to which we have access along the computation are the values of the degrees
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of freedom. By applying this novel technique, we built new bilinear forms with optimal or quasi-
optimal stability bounds, under assumptions on the mesh which are weaker than the ones usually
made in the analysis of the virtual element method, and which allow a mesh to have a very large
number of arbitrarily small edges per element. The resulting discretization of second-order elliptic
problems is accurate and robust, and allows for optimal or quasi-optimal error bounds. Finally, we
numerically investigated the behavior of a non conforming VEM, implementing several examples of
these new stabilization forms, and we assessed its performance on a set of representative test cases.
The results of the numerical experiments confirmed the theoretical expectations.
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APPENDIX A. PROOF OF LEMMA 4.1
Let v ∈ V hk (P ) and v̂ ∈ V
h,en
k (P ) satisfy (39). We recall that such a condition implies that
Π∇,Pk v = Π
∇,P




















∇v · ∇v̂ ≤ |v|1,P |v̂|1,P .
We divide both sides by |v|1,P and obtain the upper bound. On the other hand, we observe that, as
∆(v̂ − Π∇,Pk v̂) ∈ Pk, it can be split as
∆(v̂ − Π∇,Pk v̂) = D1(v̂) +D2(v̂)
with D1(v̂) ∈ Pk−2(P ) and D2(v̂) belonging to the linear space spanned byMk(P ) \ Mk−2(P ),
and that we have
‖∆(v̂ − Π∇,Pk v̂)‖0,P ' ‖D1(v̂)‖0,P + ‖D2(v̂)‖0,P .
We observe that, in view of the definition of the enhanced space, we have thatˆ
P





k v̂ − Π
∇,P
k v̂) = 0.


















D1(v̂)(v̂ − Π∇,Pk v̂) +
ˆ
∂P






D1(v̂)(v − Π∇,Pk v) +
ˆ
P











|∇(v̂ − Π∇,Pk v̂)|
2 . ‖∆(v̂ − Π∇,Pk v̂)‖0,P‖v − Π
∇,P
k v‖0,P + |v̂ − Π
∇,P
k v̂|1,P |v − Π
∇,P
k v|1,P
Using Lemma 4.4 and a Poincaré inequality finally yieldsˆ
P
|∇(v̂ − Π∇,Pk v̂)|
2 . |v̂ − Π∇,Pk v̂|1,P |v − Π
∇,P
k v|1,P .
Dividing both sides by |v̂ − Π∇,Pk v̂|1,P and using a triangular inequality yields the lower bound.
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APPENDIX B. PROOF OF LEMMA 4.6
Let η ∈ Nk−1(∂P ) with
´
∂P










Relation (66) can be proven on the reference interval ê = [0, 1] by noting that the Riesz isomorphism
between H−1(e) and H10 (e) maps Pk−1(ê) to P
0
k+1(ê), and that all norms are the equivalent on such
finite dimensional spaces. Then, we apply a scaling argument to obtain (66) for a generic edge e.




ηφe(η), ‖φe(η)‖0,e ' ‖η‖0,e .















η = 0, for φ̄ =
ffl
∂P





η(φ− φ̄) . |η|−1/2,∂P
∣∣φ− φ̄∣∣
1/2,∂P
= |η|−1/2,∂P |φ|1/2,∂P . (68)
It remains to bound |φ|1/2,∂P . First, we split φ as φ = φ1 + φ2 where φ1 is supported on the edges
of E1P and φ2 on the edges of E2P . Let φ̂e denote the pullback of φe on the reference edge ê = [0, 1].
We use again a scaling argument and the equivalence of all norms on the finite dimensional space
P
0






































where we recall that, for an edge e ∈ EP , the space H
1
2
00(e) is the space of functions η in H
1
2 (e) such
that the function Eη ∈ L2(∂P ) satisfying Eη|e = η and Eη|∂P\e = 0 is in H
1







To bound |φ1|1/2,∂P , we proceed as in [47], taking advantage that the grid is locally quasi uniform
on the support of φ1. Let ωe denote the patch given by the union of e ∈ EP and its two neighboring
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where the second term of the sum in the second step can be seen to be equal to first one by splitting
the integral in y over the union of edges in E1P \ ωe and switching the two integrals. By direct

















































which concludes the proof.
APPENDIX C. THE STEINBACH PROJECTOR
In this section we review a result by O. Steinbach [62] on the boundedness in Hs of the projector
onto the space of continuous piecewise linears, orthogonally to the space of piecewise constants
on the dual grid, which we adapt to the case at hand by switching the roles of the two grids. By
a scaling argument it is sufficient to consider the case |∂P | = 1. Let G =
{
ek, k = 1, · · · ,M}
denote a decomposition of ∂P and let ĥk = |ek|. Let xk denote the midpoint of the interval ek and
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FIGURE 11. The function g(a) for which λ(a) = 1± g(a)
G∗ =
{
τ`, ` = 1, · · · ,M
}




, the dual grid, with the “cyclic” convention that
xM+1 = x1, eM+1 = e1. We let h` = |τ`| denote the length of τ`.
We make the assumption that G is locally quasi uniform, that is, that there exists c′ ≥ 1 such that






We let K̃(G∗) = span{φk}Mk=1 ⊂ H1(∂P ) and K(G) = span{ψk}Mk=1 ⊂ L2(∂P ) denote, respec-
tively, the space of continuous piecewise linears on the grid G∗ and the space of piecewise constants
on the grid G. Here, φk is the nodal basis function corresponding to xk and ψk is the characteristic
function of the interval ek. Observe that the dual grid G∗ is itself locally quasi uniform. Moreover,
the local mesh sizes are comparable, that is, there exist a positive constant c such that, for `, k with












uw, ∀w ∈ K(G).
With the same proof as in [62], we find that the operator Q̃ is well defined and bounded in L2(∂P )
with a constant that does not depend on the size and number of the elements but only on the constant
c′ in (70). Let the local Gramian matrix be defined by
G̃∗` [i, j] =
ˆ
τ`
ψ`+i−1φ`+j−1, 1 ≤ i, j ≤ 2.
Moreover, let D` and H` be the diagonal matrices defined by
(D`)|i,i = (G̃
∗
`)|i,i, (H`)|i,i = ĥ
s
`+i−1, 1 ≤ i ≤ 2.
Then, we find that the results stated in the following theorem holds. The proof is the same of the
analogous results in [62], though in such a paper the roles of the two grids are switched (the space
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of piecewise constants is definced on G∗ and the space of continuous piecewise linears on G), and it
hence is omitted.





` x ≥ α0x
TD`x (72)
for all x ∈ R2 and any integer ` = 1, · · · ,M . Then, Q̃ is bounded in Hs(∂P ) by a constant not
depending on the size and number of the elements.
It is now possible to give an explicit sufficient condition on the constant c′ in (70), in order for
(72) to hold for some positive constant α0. Indeed, let us focus on an element τ` whose vertices are
the mid points of two adjacent elements e1 and e2 of length ĥ1 and ĥ2. We have h` = (ĥ1 + ĥ2)/2.
Let us rescale everything in such a way that
h` = 1, ĥ1 = 2a, ĥ2 = 2(1− a), with a ∈ (0, 1).






(1− a)2 1− a2
)
.
We can rewrite condition (72) in simmetric form as





















A constant α0 > 0 exists such that (72) holds for all y ∈ R2 if and only if M` is a positive definite
matrix, and α0 is then its lowest eigenvalue. Considering the case s = 1/2, a direct computation
yields the following eigenvalues for M`
λ = 1± 1
2
√
a+ 1(3a2 − 3a+ 1)√
2− a(a− a3)
= 1± g(a) (74)
where g(a) is non negative for a ∈ (0, 1), see Figure 11.
The lowest eigenvalue stems then from the minus sign in (74), and it is positive if g(a) < 1.
We solve such an inequality numerically and obtain that a must satisfy a0 < a < 1 − a0 with
a0 ∼ 0.214009576006805 for condition (72) to be true. Now, we translate such condition on a on a
condition on the constant c′ appearing in equation (70). More precisely, condition (72) is satisfied if
the inequalities in (70) hold with c′ < (1− a0)/a0 ∼ 3.672688104237926. The optimal value for α0
is attained when a = 1/2, which corresponds to c′ = 1, e.g., the uniform grid case. In such a case,
the smallest eigenvalue of M` is λ = 2/3.
(IMATI) ISTITUTO DI MATEMATICA APPLICATA E TECNOLOGIE INFORMATICHE, ”E. MAGENES”, CNR, VIA
FERRATA 5A, 27100 PAVIA, ITALY
